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Problem statement

Private car usage generate negative externalities [1]:

• Parking-space shortage

• Traffic congestion
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Fig. 1. Parking-space shortage example. Fig. 2. Traffic congestion example.



Problem statement

Solutions:

Improve the efficiency 
of the transportation 
modes:

• Moving more people at the 
same time using the same 
infrastructure.

Improve the efficiency 
of the infrastructure:

• Building more highways, 
rails, bridges
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Using massive transportation 
modes like buses, BRT instead of 

cars and motorcycles

Fig. 3. Bus rapid transit (BRT) example.



Problem statement
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However the public 
transportation in many cities 

relies on fossil fuels which cause:

An increasing of 
pollution problem

Public health 
problems [2]

It is proposed 
to use electric 

vehicles



State of the art

Control techniques for optimal integration of electric 
vehicles (EVs) with the power grid [3]. 
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Two types of interaction 
between EVs and power grid

Unidirectional power 
interaction: the vehicles 

cannot provide active power 
to the grid, hence they are 

always seen as loads

Bidirectional power 
interaction: vehicles can 

provide power to the grid in 
order to help actively with 

the generation-load balance. 



State of the art

In both approaches deterministic and heuristic 
optimization methods are used.
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Iterative optimization 
methods

Linear 
Programming 

[4], [5]

Convex 
Optimization [6]. 

Heuristic 
methods

Genetic 
Algorithms [7].



Proposed issue
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Using the Simulation of Urban MObility (SUMO) package, we 
determine the required BRTs departures to supply a transport 
demand

• We consider two vehicle classes with different dimensions and 
capacities. 

This information is sent to the optimization algorithm to find the 
optimal departure schedule and charging power of each BRT. 

• Our optimization reduces the energy cost, and search that the 
BRTs fill the daily transportation requirements.

• We used the Branch and Cut optimization algorithm. 

A novel scheduling strategy for charging and dispatching electric
heterogeneous Bus Rapid Transit (BRT) fleets equipped with batteries



Proposed issue
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Charging station

Power exchanged with
the grid, and vehicles
that will covers a defined
route

𝑃𝑐1(𝑡)

𝑃𝑐2(𝑡)

Fig. 4. Electric BRT with different capacities.

Fig. 5. Charging
station.



Proposed issue
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• Decision variables

𝜖𝑘 , 𝑃𝑐𝑘 , 𝐴𝑠𝑘

Where:
𝑁 ∈ 𝑅: is the number of simulation time steps
𝑁𝑒𝑣,𝑘 ∈ 𝑅: is the number of type k BRTs
𝑛𝑣,𝑘 ∈ 𝑅: is the number of departures of type k BRTs

𝝐𝒌 ∈ 𝑹
(𝑵×𝑵𝒆𝒗,𝒌): is a binary matrix of slack variables for charging/discharging 

constraints of type k BRTs

𝑷𝒄𝒌 ∈ 𝑹
(𝑵×𝑵𝒆𝒗,𝒌): is the charging power of the type k BRTs. j is the number of type k

BRTs 

𝑨𝒔𝒌 ∈ 𝑹
(𝒏𝒗,𝒌×𝑵𝒆𝒗,𝒌): is a selection matrix containing 1’s in the position of the vehicle 

that departs to perform a travel, and 0 otherwise
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Proposed issue

𝐴𝑠𝑘 =
0

1

Vehicle 1

Vehicle 2

Fig. 6. Example of a vehicle depart.

Charging station

𝐴𝑠𝑘



Proposed issue
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• Cost function: 

• Constraints:

Battery model:
𝐸𝑏𝑘 𝑡 + 1 = 𝐸𝑏𝑘 𝑡 1 − 𝜎𝑏𝑘 + 𝑃𝑐𝑘 𝑡 − 𝑃𝑑𝑘(𝑡)

Energy and power limits:
𝑬𝒌
𝒎 ≤ 𝐸𝑏𝑘 ≤ 𝑬𝒌

𝑴

0 ≤ 𝑃𝑐𝑘 ≤ 𝑷𝒌
𝑴

 

𝑖=1,2

 

𝑗=1

𝑁𝑒𝑣 𝑖

𝑃𝑐𝑘(𝑖, 𝑗) ≤𝑷𝒍𝒊𝒎

𝑓 = 𝐸𝑝 ∙  

𝑘=1,2

 

𝑗=1

𝑁𝑒𝑣,𝑘

𝑃𝑐𝑘 𝑖, 𝑗 +  

𝑘=1,2

𝑤𝜖𝑘  

𝑗=1

𝑁𝑒𝑣,𝑘

𝜖𝑘 𝑖, 𝑗

Daily average electricity price

Where:

𝐸𝑏𝑘 ∈ 𝑅
(𝑁×𝑁𝑒𝑣,𝑘)is the energy in batteries of  type i BRTs

𝜎𝑏𝑘 ∈ 𝑅 is the self-discharging factor of a battery of type i BRTs

𝑃𝑑𝑘 ∈ 𝑅
(𝑁×𝑁𝑒𝑣,𝑘) is the discharging power of the type i BRTs

𝐸𝑘
𝑚 is the minimum energy capacity of a battery of type i BRTs
𝐸𝑘
𝑀is the maximum energy capacity of a battery of type i BRTs
𝑃𝑘
𝑀is the maximum power capacity of a battery of type i BRTs
𝑃𝑙𝑖𝑚 is the maximum power capacity of the feeder



Energy consumption in travels:

𝑃𝑑𝑘 = 𝐶𝑡𝑘𝐴𝑠𝑘

 

𝑗=1

𝑁𝑒𝑣,𝑘

𝐴𝑠𝑘(𝑖, 𝑗) = 1

𝐴𝑠𝑘
𝑇 𝐴𝑅𝑘

𝑇
≤ 𝟏

14

Where:

𝐶𝑡𝑘 ∈ 𝑅
(𝑁×𝑛𝑣,𝑘): is a matrix that contains the energy consumption of the vehicle per step time (Data 

from SUMO)

𝐴𝑅𝑘 ∈ 𝑅
(𝑛𝑣,𝑘×𝑁): is a matrix that contains 1’s in position where a travel is being executed

Assigns the electric 
consumption of a travel to 
the vehicle indicated in 𝐴𝑠𝑘

A travel is performed just 
by one vehicle

A vehicle just can 
perform one travel 
at time

Proposed issue



𝐴𝑠𝑘
𝑇 𝐴𝑅𝑘

𝑇

Time of charge and discharge.

𝑃𝑐𝑘 ≤ 𝑃𝑘
𝑀(𝟏 − 𝐴𝑠𝑘

𝑇 𝐴𝑅𝑘
𝑇
+ 𝜖𝑘)

Charge, discharge and slacks are positive variables:
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𝑃𝑑𝑘 ≥ 0, 𝜖𝑘 ≥ 0, 𝑃𝑐𝑘 ≥ 0

A vehicle cannot be 
charged when is running

Binary matrix, which have 
1’s at step times positions 

when a vehicle is 
performing a route

Proposed issue

𝐴𝑠𝑘
𝑇 𝐴𝑅𝑘 =

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 1 1 1 1 1

Vehicle 1

Vehicle 2

Fig. 7. Example of operating schedule of a vehicle.



Case of study
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Fig. 8. Simulation scenario in SUMO.

Fig. 9. Passengers flow in BRT stations.

20 BRT stations. 
The Length of the edges comprising 
the BRT route is 500 m.

The flow of passengers in a BRT 

station is proportional to the number 
of stations that are ahead



Case of study
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Case of study
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Dispatch of type 1 or type 2 BRTs:

If the maximum occupancy of BRTs is lower
than 80 %, BRTs of type 2 are departed,
otherwise, a type 1 BRT is departed.

Parameters Electric BRTs 
of type 1

Electric BRTs of 
type 2

Rated energy 
capacity

𝐸1
𝑀= 324 kWh 𝐸2

𝑀= 547 kWh

Maximum 
charging/dischar
ging power

𝑃1
𝑀=60 kW 𝑃2

𝑀=108 kW

Number of BRTs 𝑁𝑒𝑣1=5 𝑁𝑒𝑣2=10

Simulation horizon: One day, with time steps of 10 minutes.

Fig. 10. Programmed BRTs departures from the charging station.

Table I. Batteries parameters.



Results and analysis
Electricity price variation
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Fig. 11. Daily average national energy spot price for Colombia in 2017 [8].



Results and analysis
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Fig. 12. Charging power of type 1 BRTs. Fig. 13. Energy in batteries of type 1 BRTs.

Lowest energy price hours

21 trips



Results and analysis
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Fig. 15. Energy in batteries of type 2 BRTs.Fig. 14. Charging power of type 2 BRTs.

Reach maximum energy 50 trips

We reach savings of 27.5% per day, compared to an equal charging 

strategy. 



Conclusions
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Contributions 
of this work:

Linearization of the product 
between charging and discharging 
power that must be zero in all time 
steps: inclusion of slack variables

The proposed strategy was able to 
reduce the operation cost compared 
with a conventional equal charging 
strategy

It allows a sensitivity of the charging 
power of the BRTs to the price of energy 

BRTs only charge the energy that they 
need to complete the programmed trips 

Future 
works:

Improving the estimation the daily 
demand

Include the active participation of 
BRTs with the power grid
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